We study scattering properties of the discrete Laplacian H on the half-space Z d+1 + = Z d Z + with the boundary condition (n ;1) = tan( n + ) (n 0), where 2 0 1] d . We denote by H 0 the Dirichlet Laplacian on Z d+1 + . Khoruzenko and Pastur KP] have shown that if has typical Diophantine properties then the spectrum of H on R n (H 0 ) is pure point and that corresponding eigenfunctions decay exponentially. In JM1] it was shown that for every independent over rationals the spectrum of H on (H 0 ) i s purely absolutely continuous. In this paper, we continue the analysis of H on (H 0 ) a n d prove that whenever is independent over rationals, the wave operators (H H 0 ) exist and are complete on (H 0 ). Moreover, we show that under the same conditions H has no surface states on (H 0 ).
Introduction
This work is a continuation of our series of papers JM1, JM2, JM3] which deals with spectral and scattering theory of the discrete Laplacian on the half-space with a quasiperiodicor random boundary condition. This program was initiated in JMP], and its principal goal is to understand the formation and the propagation properties of surface states in regions with corrugated boundaries. The history of this problem and its physical aspects are discussed in JMP, KP]. For some recent rigorous work on the subject we refer the reader to AM, BS, G, JM1, JM2, JM3, JMP, JL1, JL2, KP, M1, P] .
Let us recall the model. Let d 1 begiven and let Z d+1 + := Z d Z + , where Z + = f0 1 : : : g. We denote the points in Z d+1 + by n = (n x), n 2 Z d , x 2 Z + . Let H bethe discrete Laplacian on H := l 2 (Z d+1 + ) with the boundary condition (n ;1) = V (n) (n 0).
When V = 0 the operator H reduces to the Dirichlet Laplacian which we denote by H 0 . The operator H acts as (H )(n x) = 8 < : where the potential V acts only along the boundary @Z d+1 + = Z d , that is, (V )(n x) = 0 if x > 0 a n d (V )(n 0) = V (n) (n 0). For many p urposes it is convenient to adopt this point o f v i e w and we w ill do so in the sequel. We recall that the spectrum of H 0 is purely absolutely continuous and that (H 0 ) = ;2(d + 1 ) 2(d + 1 ) ] :
The starting point o f t h i s p a p e r i s t h e following result proven V (n) = t a n ( n + ) n 2 Z d :
To a void singular cases, we w ill always assume that for a given , is chosen so that 8n, n + 6 0 mod =2:
We remark that is an auxiliary parameter which will play little role in what follows.
The results described and proven in this paper hold for all which satisfy (1.4). The usual Maryland model is a family of operators on l 2 (Z d ) o f the form h = h 0 + V , w here is a real parameter and h 0 the discrete Laplacian on l 2 (Z d ). This model has beenextensively studied in FP, FGP, FGP1, PRF, S1, S2] . We s a y t h a t = ( 1 : : : d ) is independent over rationals if for any choice of rational numbers r 1 : : : r d 2 Q, X r k k 6 2 Q:
We say that has typical Diophantine properties if there exist constants C k > 0 such that jn ; mj > C jnj ;k ( To the best of our knowledge, the model (1.6) was rst studied in KP], where the following result was proven. Theorem 1.1 Assume that has typical Diophantine properties. Then, for all 6 = 0, (H ) = R and the spectrum of H on the set R n (;c d c d ) is pure point. On this set, the eigenvalues are simple and the corresponding eigenfunctions decay exponentially.
In JM1] we have proven the following result Theorem 1.2 Assume that 2 0 1] d is independent over rationals. Then, for all , the spectrum of H on (;c d c d ) is purely absolutely continuous.
We now turn to the subject of this paper, namely the scattering theory for H on (H 0 (1.10) The generalized eigenfunctions associated to the channel (1.9) do not decay in any direction (bulk waves) while the generalized eigenfunctions associated to the channel (1.10) decay exponentially in the x-direction (surface waves). Moreover, Ran = H (1) ac : Thus if the channels (1.9) and (1.10) overlap then the wave o perators are not complete on (H 0 ).
If is independent over rationals, the natural question is whether there exists a n ontrivial scattering channel on (H 0 ). Our rst result is Theorem 1.3 Assume that is independent over rationals, Then, for all , the wave operators are complete on (;c d c d ). Theorem 1.3 implies that for the surface Maryland model the non-trivial scattering channel on (H 0 ) may exist only in the periodic case. It also suggests that the surface states with energies in (H 0 ) may exists only in the periodic case, and we turn to this question now.
Physically, the surface states are wave p a c kets which are concentrated near the surface of the medium for all time. The bulk states are the wave packets which propagate away from the surface of the medium. There are obviously many di erent ways to make these heuristic notions mathematically precise (see e.g. JMP, DS] for alternative de nitions). We adopt the de nition proposed in JL2]. Let R 0 b e a p ositive i n teger and ; R = f(n x) 2 Z d+1 + : 0 x Rg: We denote by 1 R the characteristic function of the set ; R and we use the same symbol for the corresponding multiplication operator.
Let V bean arbitrary boundary potential and H = H 0 + V . For any 2 H we set
The above heuristic description of the bulk and surface states can be quanti ed as follows:
We say that the vector is a b u l k state if 
This proposition is proven in JL2]. We remark that Proposition 1.4 will not beused in the sequel, except for the obvious fact that H b is a closed set.
With the above preliminaries, we can state our second result. Theorem 1.5 Assume that is independent over rationals. Then, for all , there exists a set D, dense in Ran1 (;c In particular, for = 0 Theorem 2.1 holds.
In the sequel we will assume that 6 = 0 .
We remark that all the results described so far are valid for an arbitrary boundary potential V . To p roceed, we h a ve t o use the particular structure of the Maryland potential. These two equations will play a k ey role in w h a t follows. Proof of Theorem 1.3 It follows from Lemmas 4.1 and 4.2 that to prove t he statement it su ces to show that for a set of vectors dense in Ran1 (;c 
